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Nonlinear focusing of DNA macromolecules
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The present paper reports the nonlinear electrophoretic focusing techniques developed after an original idea
by Chacron and Slater@Phys. Rev. E56, 3436 ~1997!#. Focusing of DNA molecules is achieved in an
alternating nonuniform electric field, created in a wedge gel with hyperbolic boundaries. The fractions sepa-
rated on such a wedge retained their rectilinear shape during the electrophoresis. Experiments with gel elec-
trophoresis confirm the possibility of a noticeable nonlinear focusing of DNA molecules.
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I. INTRODUCTION

Gel electrophoresis is one of the most frequently u
separation techniques for the biological macromolecu
Therein, the molecules migrate in a support medium~gel!,
being separated according to their mobility by an appl
external electric field as determined by their charge and s

During the electrophoresis, the separation is accompa
by diffusion of individual fractions due to the thermal natu
of electrophoretic motion@1#, thereby reducing the quality o
separation. Alternatively, the so-called isoelectric focus
@2# provides very distinct bands of the separated fractio
Isoelectric focusing takes advantage of the charge de
dence of biological molecules on the localpH of the sepa-
ration medium. A drastic increase in the molecular conc
tration, or focusing, is observed at a point where
molecules have zero total charge, the so-called isoele
point, therefore ceasing to migrate in an electric field. Unf
tunately, isoelectric focusing is virtually unfeasible for DN
molecules.

A recent study of the nonlinear electrophoresis appro
@3# along with an exact solution of the diffusion equation w
obtained for the isofocusing method@4# enabled us to turn to
the method of focusing of DNA molecules by nonlinear ele
trophoresis in a wedgelike medium.

A focusing method applicable when the particle veloc
depends nonlinearly on an external applied field had b
proposed earlier by Chacron and Slater@5#. The same authors
discussed the possibility to focus the DNA molecules a
obtained equations for the focus points.

The present paper reports results on nonlinear focusin
pulsed gel electrophoresis of DNA molecular fragmen
Section II describes the nonlinear gel electrophoresis,
Secs. III and IV—a model of focusing in a gel wedge and
experiments in the nonlinear focusing of the DNA molecul

II. NONLINEAR ELECTROPHORESIS

In relatively weak fields, the molecular drift velocityUd
is proportional to the external electric fieldE: Ud5mE,
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with the molecular mobilitym being virtually field indepen-
dent. Macromolecules, initially in the form of a stochas
coil, start changing shape in an electric field, aligning gra
ally along the external electric field vector. Thus the molec
lar mobility in fact varies as a function of the electric fiel
McDonnell et al. @6# were among the first to report this de
pendence. Lumpkinet al. @7# discussed the nonlinear mo
lecular mobility of DNA in gels in detail, concluding that th
nonlinear mobility componentDm in moderate fields is pro-
portional to the field amplitude squared,Dm;E2, being in-
dependent of the length of the molecule. The respective n
linear velocity correction is proportional to the fiel
cubed: DUd;E3. A more realistic electric field depen
dence of DNA mobility, including fluctuations, yields th
revised biased reptation model with fluctuations~BRF! @8#.
The BRF theory proposes the following asymptotic dep
dence of the nonlinear velocity term:

DUd5nEuEu. ~1!

Recently, we studied the nonlinear properties of DNA
an electrophoretic experiment@3#. These experiments dem
onstrated that the drift velocity of a double-stranded DN
molecule in an electric field was distinctly nonlinear. Th
nonlinear drift velocities of longer molecules are higher th
those of shorter molecules, depending on the molecular
in a complex manner. This pattern contrasts with that of c
ventional electrophoresis, where shorter molecules are
ways faster than longer ones.

An asymmetric periodic electric field~Fig. 1! with zero
average value was used to observe the nonlinear drift ve
ity. As an example, we applied a field of 3.33 V/cm for 3
sec in one direction and then a field of 10 V/cm for 10 sec

k,

B

FIG. 1. Electric-field pulse sequence.
©2001 The American Physical Society02-1
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the opposite direction. The average field value^E& is obvi-
ously zero, while the averaged^EuEu& is not. Alternating the
electric field over several hours, we observed a noticea
advance of the DNA molecules, caused exclusively by
nonlinear velocity component.

In the course of several hours, after many periods of
electric field, we observed a noticeable movement of
DNA molecules, caused exclusively by the nonlinear vel
ity term. We have even managed to separate the molecul
a function of their nonlinear mobility.

Similar pulse sequences, with a close to zero aver
value, had been used in the zero integrated field elec
phoresis technique@9# and also in Ref.@10#. In our opinion,
such techniques should be more accurately named ‘‘non
ear electrophoresis’’~NEP!, as they are essentially based
the nonlinearity of the drift velocity. The nonlinear drift ve
locity is the separation parameter in NEP experiments.

III. NONLINEAR FOCUSING IN A HYPERBOLIC WEDGE

A remarkable property of NEP is its capability to focu
long molecules in a nonuniform electric field. The alternati
field parameters for the nonlinear focusing are chosen so
the linear and nonlinear components of the average drift
locity would subtract, partially or completely. Hence th
time-averaged drift velocity would be close to zero.

To focus DNA molecules by NEP, we used a nonunifo
electric field, the amplitude of which decreased from one p
of the gel to the other. The nonlinear term provided the ma
average velocity contribution in the high-field zone, where
in the low-field zone, with nonlinearity virtually absent, th
average drift velocity was determined exclusively by the l
ear velocity term. Next, we chose a variable voltage, so
the average field intensity would be a small positive val
while the averagedn^EuEu& would be negative.

In our experiments, the averaged molecular drift veloc
in the high-field zone was negative, changing sign in
low-field zone. Thus the average molecular drift veloc
would assume a zero value in some intermediate point.
in this point, which we named avirtual trap, that the mol-
ecule is focused. Pronounced molecular focusing will
achieved in such a virtual trap, provided the molecular d
amplitude integrated over a period was considerably sma
than the bandwidth. Note that unlike conventional isoelec
focusing in constant fields, nonlinear focusing is achieved
averaging over a large number of field periods.

Focusing of molecules required the generation of nonu
form electric fields. In the literature, changes in the gel
ometry were repeatedly proposed for producing nonunifo
fields in order to improve separation@11–13#. However, the
idea failed to find wide application due to two main disa
vantages. First, the nonuniform electric fields affect the te
perature distribution in the gel. Second, it is generally
lieved that the shape of separated fractions beco
curvilinear in a nonuniform electric field~‘‘smiling effect’’ !.
These effects can impair the resolution of gel electropho
sis.

Therefore, the problem was to find a geometrical shap
the flat gel slab that would not affect the band shape.
02190
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found that a cuneiform gel slab with hyperbolic boundar
has suitable geometric form. Such a wedge~Fig. 2! with
lengthL and transverse dimensionsH1 andH2 was formed
using special insulator inserts in the rectangular gel mold

A. Distribution of an electric field in the hyperbolic wedge

Let us consider the electric-field distribution and pote
tials in a hyperbolic wedge, neglecting the fringe and te
perature effects at the gel boundaries. For an ‘‘ideal’’ in
nitely expanded hyperbolic wedge, the potential distribut
may be easily found using the theory of analytical functio
Since the potential of an electrical field satisfies the Lapl
equation, the complex potentialF may be considered. A so
lution of the Laplace equation for the hyperbolic boundar
is known @14#:

F~z!5w1 ic5Az2, ~2!

wherez5x1 iy is a complex variable, thex axis coincides
with the wedge symmetry axis, andA is determined from the
boundary conditions as shown later. The real partw of the
complex potential describes the scalar potential of the e
tric field, while the imaginary partc describes the field lines
and, in particular, the wedge boundaries. Using Eq.~2!, the
following equations fors andc are obtained:

w5Ax22Ay2, c52Axy. ~3!

The constancy condition forc defines the wedge boundar
lines in thex-y plane:

2Axy5const. ~4!

As seen from Eq.~4!, the wedge boundaries have a hype
bolic shape.

The electric field formed in the hyperbolic wedge gel
determined by the gradient ofw, being described by the
equations

FIG. 2. Lateral boundaries of the wedge are hyperbolic s
ments. With a voltageV applied across the wedge, the axial elect
field Ex will be linearly dependent onx: Ex52Vx/L2. Here x
50 corresponds to the infinite wedge width andL is the wedge
length. Note thatEx is independent ofy, keeping the separate
bands straight.
2-2
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NONLINEAR FOCUSING OF DNA MACROMOLECULES PHYSICAL REVIEW E64 021902
Ex522Ax, Ey52Ay. ~5!

Therefore, thex component of the electric field changes li
early along the wedge. The appearance of theEy component
of the field due to the gel wedge shape results in a transve
distension of the bands across the wedge axis of symm
However, theEy is negligible in the vicinity of the symmetry
axis. Note also thatEx is independent ofy. Consequently, the
band shapes during electrophoresis in the gel wedge rem
rectilinear.

Note also that the field with decreasing intensity, obtain
in the hyperbolic wedge gel, greatly improves the absol
resolution of the method without impairing the relative res
lution of the conventional electrophoresis. This happens
cause the distances between the fractions are reduced pr
tionally to the narrowing of the bands themselves. Howev
this conclusion is only valid for the behavior of the dr
velocity. Making use of the nonlinearity, when the partic
mobility is field dependent, we can improve both the ab
lute and relative resolutions. Thus nonlinear focusing allo
us to improve the relative resolution as well.

B. Description of the fraction drift considering the velocity
nonlinearity

Let us consider a finite segment of the wedge~Fig. 2!.
Assume that the start of the gel corresponds to the coordi
x5x1 and its end corresponds to the coordinatex2 , where
x22x15L, the length of a wedge segment. The voltageV
5Dw on the axis of symmetry between coordinatesx2 and
x1 equals

V5A~x2
22x1

2!. ~6!

This equation allows us to find the constantA, determined by
the voltageV and wedge geometry.

The constantA becomes a time-dependent function for
periodic voltage:

A~ t !5V~ t !/~x2
22x1

2!. ~7!

The linear electric-field distribution obtained in Eqs.~5!
allows us to calculate the fraction drift in the nonlinear ele
trophoresis experiment.

Let us now consider the drift velocityUd of macromol-
ecules in a nonuniform periodical electric field along t
wedge axis of symmetry:

Ud5mE1nuEuE. ~8!

Averaging Eq.~8! over the electric-field period, we obtain

^Ud&5m^E&1n^uEuE&. ~9!

Substituting Eq.~5! for the Ex , we obtain

^Ud&522xm^V&/~x2
22x1

2!24nx2^VuVu&/~x2
22x1

2!2.
~10!

Thus the equation for the coordinate of the fractionx(t)
averaged over the period becomes
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dt
5^Ud&52ax2bx2, ~11!

wherea52m^V&/(x2
22x1

2) andb54n^VuVu&/(x2
22x1

2)2.
Integration of Eq.~11!, provided that the linearm and

nonlinearn molecular mobility coefficients as well as th
electrical field averageŝV& and^VuVu& are known, results in
the fraction drift law

x~ t !5
a

C exp~2at !2b
, ~12!

whereC is a constant determined from the initial conditio
C5a/x(0)1b. Note that a similar equation had been o
tained earlier in@5#.

The solution obtained describes the averaged frac
drift. The most important feature of that drift is the fractio
focusing at the points where the average drift velocity va
ishes:

^Ud&5ax1bx250. ~13!

According to Eq.~13!, the focusing pointxf may be calcu-
lated as

xf52~x2
22x1

2!
m^V&

2n^VuVu&
. ~14!

Note that the asymptotic behavior of Eq.~12! at infinite
times produces the same equation.

As evident from Eq.~14!, hyperbolic wedge focusing al
ways requires opposite signs of the^V& and^VuVu& average
values. As an example we consider a periodic potential w
period T560 sec. We first apply a positive voltageV1
590 V for T1510 sec, and next the polarity is reverse
V25220 V for T2550 sec. In this case, the average volta
will be negative,^V&5(V1T11V2T2)/T5213.3 V. How-
ever, the^VuVu& average will be positive,̂VuVu&5(V1

2T1

2V2
2T2)/T51016.6 V2.

Analysis of Eq.~14! demonstrates that the focusing poin
~virtual traps! depend on the ratio of the linear mobility co
efficient m to the nonlinear mobility coefficientn and, also,
on the electric field averages.

Thus fragments with different ratios of the linear to no
linear mobility coefficients,m/n, would be focused at differ-
ent points. Moreover, the focusing point position may
controlled by the periodic electric-field wave form.

IV. EXPERIMENT

To test the theoretical model, we separatedHindIII-
digested DNA of phage Lambda using NEP in agarose
~Figs. 3 and 4!.

Agarose ~ultrapure DNA grade, BioRad Laboratorie
Richmond, CA! was dissolved by boiling in tris-acetat
buffer, containing 89 mM tris base, 89 mM acetic acid, and
mM ethylenediaminetetraacetic acid~EDTA!. Upon cooling
to 60 °C, 40 ml of agarose solution at a concentration
0.75%~w/v! were poured into a wedged gel vessel with i
2-3
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FRUMIN, PELTEK, AND ZILBERSTEIN PHYSICAL REVIEW E64 021902
stalled plastic start slot former~designated ass in the fig-
ures!. The gel slab formed was 4 mm high. The solidified g
was submerged in tris-acetate EDTA buffer, so that the bu
layer above the upper gel surface was at least 3 mm.
HindIII lambda DNA fragments dissolved in a loading buff
were introduced into the start slot. Electrophoresis was
formed in a horizontal unit. The separated DNA fragme
were stained with ethidium bromide and visualized with
UV transilluminator ~BioDoc II/NT, Biometra Analytical
GmbH!. We used an agarose wedge with a length of 10
larger transverse width of 10 cm, and smaller width of 2 c

A computer-controlled voltage source was used to ma
tain the potential difference. The control was accomplish
using a LAB PC1 unit ~National Instruments!. The voltages
at the hyperbolic wedge ends were controlled using t
platinum measuring electrodes 0.2 mm in diameter. The e
trodes were positioned precisely on the symmetry axis of
wedge 9 cm from one another and used exclusively for v
age monitoring. The computer-assisted system provide
specified potential wave form on the working electrodes d
ing the entire electrophoresis session. Note that the voltag
the working electrodes is always higher than the measu
voltage: the latter was monitored at 0.1 V accuracy and 0
sec time resolution. Additionally, currents were measu
during the entire voltage period.

Figure 3 demonstrates the results obtained upon nonli
focusing of DNA molecules. The gel contained four st
slots ~tracks! that were loaded with the 23.1 kilobase pa
~kbp! fraction of HindIII lambda phage DNA hydrolysate
~slot 1!, 23.1 and 4.4 kbp fractions~slot 2!, 6.6 kbp fraction
~slot 3!, and 9.4 kbp fraction~slot 4!. A field period com-
prised 90 V for 10 sec followed by 19.8 V for 50 sec in th
opposite direction.

The DNA hydrolysate solution was not heated before
experiment. As a result, the second track contains a 27.5
band that appeared through hybridization of 23.1- and 4
kbp fragments due to the ‘‘sticky ends’’ effect. Thus the se
ond track reveals two similar fractions, corresponding
27.5 and 23.1 kbp.

Figure 4 demonstrates 27.5 and 23.1 kbp fractions as
distinct well-separated bands after 48 h of NEP, thereby c
firming the potential efficiency of nonlinear focusing.

FIG. 3. Nonlinear focusing ofHindIII lambda DNA fragments:
the result of a 24-h experiment, at the left; the changes in the pa
produced after 35 h of NEP, at the right. The wedge length waL
59 cm, with wedge widths ofH1510 cm andH252 cm.
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In this experiment all of phage lambda DNAHindIII frag-
ments were separated by NEP. The pulse cycle comprise
V for 5 sec and 30 V for 15 sec in the opposite directio
There is another band alongside the first two in the Fig. 4
second conventional electrophoresis, performed in the
thogonal direction after the nonlinear focusing experime
showed that this band corresponds to the lighter DNA fr
ments, of 9.4 and 6.6 kbp, present in the hydrolysate.

These experiments prove that nonlinear focusing is ind
possible for the phage lambda/DNAHindIII fragments.

V. CONCLUSION

An approach developed after an original idea by Chac
and Slater@5# for focusing DNA molecules, based on non
linear electrophoresis and geometric trapping in nonunifo
electric fields, was investigated.

The focusing of DNA molecules was carried out in a
alternating nonuniform electric field, created by using
wedge gel with hyperbolic boundaries. It was shown that
fractions separated on such a wedge retain their rectilin
shape.

The drift velocity in the narrow part of the wedge, whe
the field is high, is dominated by the nonlinear compone
being negative. However, in the wider part the fields are lo
thus, the nonlinear mobility becomes negligible and the d
velocity reverts to positive. Thus focusing should occur
the central part of the wedge.

Gel electrophoresis experiments supported the possib
of a pronounced nonlinear focusing of DNA molecules. Th
nonlinear separation technique presents encouraging p
pects for the preparative isolation of long DNA fragmen
and the development of new separation methods.

Nonlinear focusing provides an important addition to t
existing set of molecular biology techniques. This meth
requires further experimental and theoretic studies and
promising potential for molecular biological investigations
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FIG. 4. Nonlinear focusing of DNA molecules exemplified b
large DNA fragments ofHindIII-hydrolyzed lambda phage DNA in
a hyperbolic wedge. The pulse cycle comprised 81 V for 5 sec
30 V for 15 sec in the opposite direction; 48 h NEP session.
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